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The modular function j is of great importance, specially in number theory. In this 
paper, we determine how lj(z)l varies when Im z or Re z remains fixed: for Im z 
fixed, Im z > l/2, lj(z)l increases when Re z varies from -l/2 to 0 and decreases 
when Re z varies from 0 to l/2; for Re z fixed, Re z E [-l/2, + l/2], ) j(z)1 increases 
when Im z varies from (1 - (Re z)*)i/* to + co. 0 1989 Academic Press Inc. 
1. INTRODUCTION AND RESULTS 
The modular function j is defined on the half-plane sj, 5 = {z E @, 
Imz>O}, by 
j(z) = (1 + 240 cn”= 1 03(4 f)3 
ql-I,m=, (1 -q”)24 ’ 
q = e*in-, 
where (am = xdln d3. 
9= {zEC,Imz>O, -idRez< i, IzI 2 1, and if JzI = 1, Re z < 0} is a 
fundamental domain for j (cf. [S] ). 
The main results are contained in the following theorem: 
THEOREM. (i) For y fixed, y> l/2, the function XE R H Ij(x + iy)l 
increases on [ - l/2,0] and decreases on [0, l/2]. 
(ii) For x fixed, x E [ - l/2, + l/2], the function y E R H Ij(x + iy)j 
increases on [ (1 -x2)“*, + cc [. 
The proof requires the expression ofj involving the Eisenstein series, g, 
and g, (cf. [Z]). 
gAz)=60 1 
1 
(m + nz)4 
=$$(l +240nz, a,(n)q”), q=e2inZ, 
(r&n).5 iz* 
(rn,fl)f (0.0) 
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c 
1 
g3(z) = 140 
Gw 
(m+nzy=216 
1 - 504 f a&) q” 
(m,n)E 22 n=l 
1m.n) # (0.0) 
o&z) = 1 d’, o,(n) = 1 dS, 
db din 
AZ) = 
1728 g;(z) 
d(z) - 2mzr 
We first connect the growth of 1 j(z)1 with the function g3(z)/gZ(z), then we 
study s3(z)/gz(z). 
2. THE GROWTH OF ljl AND THE FUNCTION g3/g2 
We want to study the growth of 1 j(x + iy)l for x or y fixed. Let f be the 
following function: for (x, y) E R! x R, f(x, y) = I j(x + @)I*. 
PROPOSITION 1. (i) The derivative (a/ax) f(x, y) is zero if and only if 
g,(x + iy)/g*(x + iy) is real or x + iy = ezini3 modulo SL,(Z). 
(ii) The derivative (alay) f(x, y) is zero if and only if g,(x + iy)/ 
g,(x + iy) is purely imaginary or x + iy = e2in/3 module SL,(Z). 
Proof: We deduce from the definition of j that j(z) = (l/q) + 
744+X,,, cnq”, 
positive (if. [3]). ’ = e2inZ’ 
where the coefficients c, are integral and 
Then it is obvious that j(x + iy) = j( -x + iy). Thus f(x, y) = 
j(x+iy) j(-x+iy), and 
if(x. y)=j(x+iy)ij(--x+iy)+j(-x+iy)ij(x+iy). 
Denoting by j’ the derivative dj/dz, we have 
kj(x+iy)=j’(x+iy) and 
a 
zj(-x+iy)= -j’(-x+iy). 
Then (a/ax) f(x, y) = 2Re(j( -x + iy) j’(x + iy)), (j’(x + iy) = 
- j’( -x + iy)). But the functions j, j’, g,, g, are connected by the relation 
j’(z)=g j(z)gs (cf. [l, p. 31). 
2z 
Thus (Wx)f(x, y)= (18/n)lj(x+iy)l* Im(g,(x+iy)/g,(x+iy)). 
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By a similar argument, we have (a/ay)f(x, y) = (18/rc)(j(x + @)I2 
Wg,(x + iy)/gAx + in)). 
Finally, we notice that j(e*““) = j’(eZinj3) = 0 and that, for x + ~JJ # e21n13 
mod S&(Z), j(x + iy) and g,(x + iy) are not zero. This completes the proof. 
3. REAL VALUES OF g3/g2 
PROPOSITION 2. For Im z > l/2 and z # eZinj3 mod X,(Z), g3(z)/g2(z) is 
real if and only if Re z E Z/2. 
The idea of this proof is due to D. Masser [4, Lemma 3.21. 
We assume that z is different from eZin13 modulo SL2(Z)(g2(e2in’3) = 0). 
Obviously g,(z)/g,(z) is real if and only if g3(z) g2(z) is real. 
We have g3(z) g,(z) = ((2n)“/2,592)(1 + 240 C,“= i o,(n) q”) 
(1 - 504 C,“=, a,(n) q”), q = e2ixz. 
We denote A = Im{ (1 - 504 I,“= I o,(n) q”)( 1 + 240 C,“=, a3(n) qn)}. 
So g3(z)/gz(z) is real if and only if A = 0. 
By developing A, we obtain A = - 24e-2”y(sin 2nx)(31 + A,), where 
sin 2xnx 
A, = 1 (loo,(n) + 210,(n)) G eP2’yCn-‘) 
na2 
+ 5,040 1 (a,(n) - a3(n)) e-2any sin all,‘) x 
nr2 
+ 5,040 
( 
1 03(n) e-21mY cos 27wx 
)( , 
.F2 ah) e- 
21rycn - 1) sin 27~~ 
~ 
n>* sin 2nx 
- 5,040 1 a3(n) e-2ny(np ‘) s)( “F, a&) e- *W cos 2imx . 
n>2 > 
We are going to show that 31 + A, > 0. For this, we write 
___~ 
A, = c a,(e) a”, 
n>l 
where u = e-2ny and 8 = 2nx. 
The first terms of this sum are preponderant. Thus we are going to 
calculate a,(6) for k = 1, 2, 3, 4. 
Immediately, we have 
al(e) = 1,566 cos l9 
a,(e) = 21,616 cos20 + 115,556 
a,(B) = 183,416 cos38 + 2,085,572 cos ~9 
a,(e) = 1,070,496 cos40 + 19,034,568 cos28 + 1,518,426. 
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For n>4, 
u,(e) = (lOa,(n + 1) + 21a,(n + 1)) 
sin(n+ 1) 8 
sin 8 
+ 5,04O(a,(n) - o&J) 
sin(n- 1) 8 
sin 8 
Thus the a,(e), k > 4, can be expressed as linear combinations of 
sin@ + 1) B/sin 0, p > 0, p = k, k - 2, . . . with integral coefficients. 
Denote the sum al(e) a + a,(e) a2 + a,(0) a3 + a,(e) a4 by !P(e, a). When 
$, y) belongs to [ - l/2,0] x [l/2, + co [, (0, a) belongs to [ -71, 0] x 
, e-I]. A simple, but precise study shows that 
Y(u(e, a)2 Y(--7c, a) for all (e, a) E [ -7c, 0] x 10, e-“1. 
Let h(a)= Y( -7~ a)= -1,566a+ 137,172a2-2,268,988a3+21,623,490a4. 
We easily see that h’ is increasing and so h is convex; since h’(O) < 0 and 
h’(e-“) =4,557.885, h’ is zero in one and only one point a, of [0, e -“I. 
The function h is minimal at this point. 
We verify that h’(0.0067) s - 7.4456, h’(0.0068) 2 11.9716. 
Then a, E [0.0067, 0.0068] and for aE 10, epR], h(a) 2 /~(a,). Since the 
function h is convex, we have h(a,) 2 h(0.0067) + 10-4h’(0.0067). 
But h(0.0067) 2 -4.974 and h’(0.0067) B -7.446; so h(a,) > -4.975. 
Thus for (a, 0)E [ -7c, 0] x 10, eeR], !P(& a) > -4.975. For the other 
terms, we can verify by induction that lsin &/sin 81 <n. 
From this inequality, we obtain, for a E [0, eeA], 
la,(O) a’) = 
I( 
171,612 s + 15,120,000 $-$ + 35,804,160 g) as/ 
d 20.062 
and also ICI,(~) a61 < 4.044, la,(B) a’1 < 0.667, la,(o) a81 d 0.094. 
It remains to estimate C, .9 u,(0) an. We use the following inequalities 
(which are classical): 
n3 <03(n) < 1.2021n3 
n5 da,(n) 6 1.037n5. 
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Then, we have for n 3 9 
la,(e)1 = (lOa,(n + 1) + 21o,(n + 1)) sin(s:n+BI) I9 
+ 5,04O(a,(n) - a3(n)) 
sin(n- 1)0 
sin 6 
n-1 - + 5,040 1 a,(p) a,(n + 1 -PI ‘sin(n + 1 2~) 8 
p=2 sin 8 ’ 
and [a,(@[ G 5,287n6 + 6,283 C;:i p3(n + 1 - P)~ G 5,287d + 6,283(n - 2) 
(26/39)(n + 1)9 < 5,287d + 53n” < 54n”. 
Thus IL39 de) ani G 54 zna9 n’“a”<54x2.1 x 10-3=0.1134, and 
IC n r 5 a,( 0) a”[ G 20.062 + 4.044 + 0.667 + 0.094 + 0.1134 G 24.980. 
Finally C, 2 5 a,,(e) a” 2 -24.980. Then A, = C,, a r a,(e) a” 2 -4.975 - 
24.980> -30 and 31 +A, >O. 
Since A = - 24eezffY(sin 2nx)(31+ A,), the values of x such that A = 0, 
are, for y fixed ( y > l/2), the numbers x E Z/2. This completes the proof of 
Proposition 2. 
4. PURELY IMAGINARY VALUES OF g,/g, 
PROPOSITION 3. For Im z > 1, g3(z)/g2(z) is not purely imaginary. 
We assume that ~#e*‘~‘~ mod X,(Z); g3(z)/g2(z) is purely imaginary if 
and only if 
Re 1 - 504 f o,(n) q” 
II=1 >( 
1 -t 240 f 03(n) cj” = 0, q = e2in=. 
?I=1 
We denote 
B=Re l-504 f a,(n)q” 1+240 f a,(n)tj” . 
II=1 >( n=l 
Thus we have 
B= 1+240 f’ a,(n)Req” 
( >( 
1 - 504 f o,(n) Re q” 
n=l n=l > 
- 120,960 f as(n) Im q” 
It=1 >( 
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1 - B = f (504o,(n) - 240a,(n)) Re q” 
n=l 
Thus 
I1 - BI d f (504o,(n) - 240o,(n))lql” 
n=l 
For Imz=y>l, we have lql<e-2*. Then 
I1 - BI < f (504o,(n) - 240a,(n)) e-2nn 
n=l 
and 
ll-BI<l- 1+240 f g3(n)ep2”” 
( 
l-504 f 05(rz) ep2n” 
n=l n=l > 
But g3(i)=((2rr)6/216)(1 -504x,“=, ~~(n)e~~““)=O. Thus 11 - BI < 1 and 
B # 0. 
This completes the proof of Proposition 3. 
5. PROOF OF THE THEOREM 
The first part of the theorem is an immediate consequence of Proposi- 
tions 1 and 2; from these propositions, the derivative of the function 
(x E Iw H Ij(x + iy)12), for y > l/2, is zero if and only if x E Z/2. 
Since lj(-1/2+iy)l<Ij(iy)l, Ij(x+iy)l=Ij(-x+iy)l, j(z+l)=j(z), 
we have for y > l/2 
x I -l/2 0 112 
;i?; (IAx+ @)I*) 0 + 0 - 0 
IAx+b)12 IA - l/2 + @)I *------+ li(iy)I’--------,lj(1/2+~~v)l* 
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b 
-l/2 x0 0 l/2 x 
-. 
FIGURE 1 
This shows the first part of the Theorem. 
From Propositions 1 and 3, similarly we have 
+ 
IAx + &)I2 li(x + i)12A +co 
But that is not sufficient to prove the second part of the Theorem. By the 
transformation (z E @ H - l/z - l), which leaves /j(z)1 invariant, the 
segment S,,= (z=x+iyl-1/2<x<O}, (YE [l/2,&2]), is transformed 
into a circular arc C, as in Fig. 1. 
We know that on the arc C= {e”, 742 < 19 < 2rc/3}, lj(z)l increases when 
z varies from z = e2ix’3 to z = i. Thus, by using the first part of the Theorem 
and the transformation z H -z- ’ - 1, we see that the growth of [j(z)1 is 
as indicated by the arrows. 
Then, for zi =x0 + iv1 and z; =x0 + iy; such as X~E [-l/2,0] and 
(1 -x;)“*< , y, < y; we have lj(z,)l < lj(z;)(. (It is sufficient to follow a 
“horizontal line,” the arc C, if it is necessary, and a convenient arc C,,, 
according to Fig. 1.) 
This completes the proof of the second part of the Theorem. 
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